We have determined all exponents of (n; k; L)-systems of k 12 except for essentially two cases, which are related to the Steiner systems S(11; 5; 4) and S(12; 6; 5). This requires several new constructions. Also some renements of the previous methods are necessary to get suitable upper bounds.
If there exist constants c; c 0 ; depending only on k and L, and satisfying cn < m(n; k; L) < c 0 n ; then we dene (k; L) := which is called the exponent of (k; L)-system. Conjecture 1 For all k and L, (k; L) exists. Theorem 1 ([7] ) For every rational number q 1 there are innitely many choices of k and L such that (k; L) = q.
In [5] , Frankl determined almost all exponents for k 7. In this paper, we will determine all exponents for k 10. For k = 11;12, we cannot determine (11; f0; 1;2; 3;5g) and (12; f0; 1;2; 3;4; 6g). These two cases are related to the Steiner systems S(11; 5; 4) and S(12; 6; 5). Except essentially these two cases, we will determine all exponents for k 12. Let us summarize the contents of this paper. In this section, we introduce the notion of an intersection structure, and the rank of an intersection structure. In section 2, we list known reductions and constructions related to (k; L). In section 3, we discuss the cases in 1 which we cannot determine (k; L) using exclusively results in section 2, and we present new constructions and methods which give bounds for the exponents. Intersection structures will play an important role in section 3. The table of exponents is presented in the last section.
For a family (1) jF 3 j > cjFj. (2) For any two edges F 1 ; F 2 2 F 3 , (I(F 1 ; F 3 )) = (I(F 2 ; F 3 )). (3) I(F; F 3 ) is closed under intersection, i.e., A; B 2 I(F;F 3 ) implies A \ B 2 I(F; F 3 ).
We call (I(F; F 3 )) the intersection structure (IS) of F and denote it by IS(F) (it may depend on the particular choice of F 3 but it does not inuence our investigations in the sequel). If F is an L-system then IS(F) is (non-uniform) L-system closed under intersection, too. For an IS I 2 [k] , we dene its rank by rank(I) := minft : 1 t (I) 6 is a closed L-systemg: Using this notation, the above inequality is restated as follows.
The above conjecture is true if = 2 (see [10] ). Initially we started our research on this topic in order to disprove this conjecture, but so far our results veried it for k 10 and also for almost all cases if k = 11 or 12.
In the sequel, we often write (9; 025) or rank(9; 025) instead of (9; f0;2; 5g) or rank(9; f0;2; 5g). Frankl and F uredi extended (4) in the following way:
2.1 Lower bounds
Example 1 (9; 012456) (4; 01) + (5; 01) = 2 + 2 = 4. (12) hold.
Reduction 13 ([9] ) Suppose q is a power of the prime p. Let 0 ; : : : ; s be distinct residues modulo q. Suppose In view of our results this conjecture is true for k 10 and also in almost all cases for k = 11; 12 as well (cf. the tables at the end of the paper). 4
2.4 Constructions using nite geometries 
Lemma 2 For all y 2Ỹ , P y2G jN(G)j jV 1 j = n. Lemma that is q < n 1:5 , a contradiction. 
p n jỸ jn = an 2:5 : Consequently we have jFj = jF 0 j + jF 1 j (1 + a)n 2:5 ; which completes the proof of Theorem 7. Theorem 8 If a 4 then the IS of (3a;f0; 1;a; a + 1g)-system of rank 3 is I 1 or I 2 . Actually, this was our conjecture, but F uredi gave us a proof. The following proof is based on his idea.
Proof of Theorem 8 For a = 4; 5, we can verify this fact directly by computer search. Let us assume a 6. Let I be an IS of (3a;f0; 1;a; a + 1g)-system of rank 3. In this case, it is not dicult to check that I = I 1 or I 2 and we leave this task to the reader. This completes the proof of Theorem 8.
Remark 1 For a = 3, there are (exactly) three ISs of (9;0134)-system of rank 3, i.e., I 1 , I 2 , and the Steiner system S(9; 3; 2). This Steiner system is a (9;013)-system of rank 3. It is worth noting that (9; 0134) = 3 and this exponent can be achieved only if the IS is S(9; 3; 2). This means that a family whose IS has the highest rank can not necessarily achieve the (highest) exponent. Actually, an (n;9; 0134)-system whose IS is I 1 or I 2 has only O(n 2:5 ) edges. [12] , jXj = jY j = jZj = jWj = 3, W = fw 0 ; w 1 ; w 2 g. Construction 10 Let us construct a (4an;4a; f0;1; a; a + 1;2a; 2a + 1; 3a + 1g)-system F such that jFj = 2(n 4 ) and IS(F) is generated by . Then I 6 is generated by Proof We may assume that F is 10-partite with partition [10n] = S e2( [5] 2 ) V e , jV e j = n. For A [5] holds (see [7] for a proof). In I 6 , only I( 5) contains both 12 and 34. Thus, jF(1234)j jF (12)jjF(34)j jV 12 jjV 34 j = n 2 : In the same way, we have jF(1235)j n 2 . Therefore, jFj=n 2 n 2 =n 1:5 , that is jFj n 2:5 . By computer search, we found that rank(12; 02358) = 3 and there is a unique IS I 7 of rank 3. Let I 3 6 2 [10] be the generator set dened in section 3.5, then I 7 2 [12] is generated by By Reduction 11, one has (11; 012457) maxf(11; 01245); (7; 01245) + (4; 0)g: By Reduction 10, one has (11; 01245) 4. (Actually, we can prove (11; 01245) 3, but we do not need this bound here.) On the other hand, by Reductions 6 and 5, it follows that (7; 01245) (7; 012456) 3: Finally, we have (11; 012457) 4. Construction 14 Let F 0 be the set of 3-dimensional ane subspaces of a d-dimensional vector space over GF (2) , and let n = 2 d . Then F 0 is an (n; 8;0124)-system of size 2(n 4 ). 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 0 1 2 3 4 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 The Steiner system S(11; 5; 4) is one of the ISs of rank 5. (Probably this is the unique one.) We know that 4 (11; f0;1; 2;3; 5g [ A) 5, but we were not able to determine the exact exponent. k = 12 6 7 6 8 6 7 6 9 6 7 6 8 6 7 6 10 6 7 6 8 6 7 6 9 6 7 6 8 6 7 6 11 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 10 10 10 10 10 Let A f7;8; 9;10; 11g and f7; 8g; f8; 10g 6 A. By computer search, we found that rank(12;f0; 1;2; 3;4; 6g [ A) = 6: The Steiner system S(12; 6; 5) is one of the ISs of rank 6. (Probably this is the unique one.) We know that 5 (12; f0;1; 2;3; 4; 6g [ A) 6, but we were unable to determine the exact exponent. k = 12 (continued) 6 7 6 8 6 7 6 9 6 7 6 8 6 7 6 10 6 7 6 8 6 7 6 9 6 7 6 8 6 7 6 12 
